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Free flight is an emerging paradigm in air traffic management. Conflict detection and resolution is the heart
of any free-flight concept. The problem of optimal cooperative three-dimensional conflict resolution involving
multiple aircraft is addressed by the rigorous numerical trajectory optimization methods. The conflict problem is
posed as an optimal control problem of finding trajectories that minimize a certain objective function while the
safe separation between each aircraft pair is maintained. The initial and final positions of the aircraft are known
and aircraft models with detailed nonlinear point-mass dynamics are considered. The protection zone around the
aircraft is modeled to be cylindrical in shape. A novel formulation of the cylindrical protection zone is proposed by
the use of continuous variables. The optimal control problem is converted to a finite dimensional nonlinear program
(NLP) by the use of collocation on finite elements. The NLP is solved by the use of an interior point algorithm that
incorporates a novel line search method. A reliable initialization strategy that yields a feasible solution on simple
models is also proposed and adapted to detailed models. Several resolution scenarios are illustrated. The practical
issue of flyability of the generated trajectories is addressed by the ability of our mathematical programming
framework to accommodate detailed dynamic models.

I. Introduction

A IR traffic control (ATC) systems require a vast network of
people and equipment to ensure the safe operation of commer-

cial aircraft. The air traffic controllers coordinate the movements
of the aircraft to make certain that they are separated by a mini-
mum distance. The immediate concern is safety, but controllers also
must direct planes efficiently to minimize delays. The current ATC
system prescribes predefined routes and flight procedures for all
aircraft to ensure sufficient separation among them. In this infra-
structure, the lateral separations are guaranteed by different choice
of flight routes and the vertical separation by different flight levels,
and longitudinal separations are maintained through speed changes.
Today’s practices often result in planes moving from point to point
along corridors, resulting in lost time and fuel and, hence, lost
revenues.

Recently, the aviation community has put forth a concept called
free flight1 that will serve as the operating paradigm for future ATC.
The change will require new concepts of shared responsibility be-
tween controllers and aircraft operators. Currently, controllers as-
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sign routes, altitudes, and speeds. Under the new system, aircraft
operators can change them in real time. Controllers would only in-
tervene to ensure that aircraft remain at safe distances from one
another. Air traffic controllers will be central to ensuring safety, but
will eventually shift from controlling to monitoring flights. The free-
flight environment will also enable the minimization of individual
aircraft operating costs. The key to the success of the free-flight
concept is the detection of conflicts and determination of appropri-
ate strategies for the resolution of conflict among aircraft. Our work
focuses on resolving conflicts among aircraft in a manner that is
optimal to the participating aircraft.

Current ATC standards specify the minimum separation between
any two aircraft. If two aircraft are at the same flight level, the
geometrical distance between them must be larger than 5 n mile. If
the two aircraft are roughly in the same horizontal position, their
vertical separation must be larger than or equal to 2000 ft. The
horizontal separation distance requirement reduces to 3 n mile when
aircraft are within 40 n mile from radar antennas, and the vertical
separation requirement becomes 1000 ft for aircraft below 29,000 ft.
Two aircraft are termed to be in conflict if one aircraft encroaches
into the protected zone of the other.

Several studies have previously looked at resolution of con-
flicts between aircraft in free flight. Hwang and Tomlin2 propose
a protocol-based conflict resolution method for multiple aircraft in
ATC. They derive protocol for three-aircraft conflict resolutions;
however, their methods are general and can be extended to the N -
aircraft case. The aircraft are assumed to be at the same altitude,
and conflicts are resolved in the horizontal plane by the use of
heading change. In this case, the protected zone around each air-
craft reduces to a circular envelope. Zhao and Schultz3 have exam-
ined conflict resolution problems of two aircraft described by the
same dynamics as given earlier. The conflict-free trajectories are
obtained as solutions of an optimal control problem that minimizes
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deviations from intended flight paths. Terminal constraints are in-
cluded to force each aircraft to return to its original path. They also
discuss extensions for the case of multiple aircraft. Frazzoli et al.4

consider resolution of conflicts among aircraft using semidefinite
programming. Hu et al.5 study the problem of finding the opti-
mal three-dimensional conflict-free maneuvers for multiple aircraft.
The candidate maneuvers include changes of altitude, heading, and
speed. Among all conflict-free maneuvers, they choose one that
minimizes a certain energy function. They propose a geometrical
construction and a numerical algorithm to determine the optimal
maneuver for the two-aircraft case. As for the multi-aircraft case,
an approximation scheme is used to compute a suboptimal two-
legged solution. The effectiveness of the approach is illustrated by
a number of examples. Three-dimensional trajectory optimization
algorithms have been employed by Menon et al.6 to obtain conflict
free-flight paths. The algorithms use nonlinear point-mass models
and include realistic operational constraints on individual aircraft.
The protected zone of aircraft are modeled as an ellipsoid that su-
perscribes the cylindrical protected zone. The resulting problem is
nonconvex. In addition, the ellipsoidal constraints do not provide a
tight representation of the feasible region. The resulting solutions
may be improved, however, when the protection zone is modeled
as a cylinder. In this work, we eliminate this drawback by modeling
the protection zone directly as cylinders.

In addition, we study cooperative conflict resolution of aircraft
described by nonlinear point-mass models. This paper builds on
previous work.7,8 In Ref. 7, an interior point-based solution for the
two-dimensional conflict resolution problem was developed. These
concepts for infinite time safety guarantees are extended in Ref. 8.
Here, the optimal conflict-free trajectory is chosen as the one that
minimizes a certain cost function. We also account for priorities
among aircraft using the approach of Hu et al.5 The protected zone
around each aircraft is modeled as a cylinder. The disjunction in-
volved when the protected zone is modeled is reformulated by the
use of a continuous formulation. This approach obviates the need for
simplifying assumptions such as level flight of aircraft or approxi-
mations of the protection zone. The resulting model is nonconvex
and can pose difficulty when solutions are sought by the use of a non-
linear programming approach. To address this issue, we also present
initialization strategies that enable fast and robust convergence of
the optimal control problem. The approach can readily handle con-
flicts among multiple aircraft. We also present the effectiveness of
our approach on a number of examples.

The key concept in the paper is a mathematical programming-
based dynamic optimization framework for the accommodation
of detailed dynamic aircraft models for the purposes of construc-
tion of optimal conflict-free trajectories for a given aircraft set.
This presents a significant departure from the existing literature,
which focuses predominantly on simple kinematic models. Note
that conflict resolution algorithms that work with simple models
may generate trajectories that are not necessarily flyable in practice.
This issue of flyability of the optimal trajectories that are gener-
ated by any solution approach is critical to both safety and per-
formance and necessitates the use of more realistic and detailed
dynamic models. The framework presented in this paper addresses
the flyability issue by allowance of the use of dynamic aircraft
models at any desired level of detail. The dynamic optimization
framework that involves an optimal control problem formulation,
and its equivalent finite dimensional nonlinear program, is appli-
cable irrespective of the actual model that is utilized. To place
this presentation in context, we consider the examples presented in
Ref. 5.

The paper is organized as follows: The following section de-
scribes a discretization procedure that recasts an optimal control
problem, which is an infinite-dimensional dynamic optimization
problem, into a finite-dimensional nonlinear program by the use of
collocation on finite elements. This is followed by the description
of nonlinear point-mass model of the aircraft and the initialization
strategy for the same. Section IV briefly presents results for dif-
ferent scenarios. Finally, we conclude with directions for future
work.

II. Formulation and Solution of Dynamic
Optimization Problem

In this section, we describe a discretization procedure to con-
vert an infinite-dimensional optimal control problem into a finite-
dimensional nonlinear program. We also briefly describe the
interior-point algorithm used to solve the resulting nonlinear pro-
gram. More details on the algorithm can be found in Refs. 9 and 10.

A. Collocation on Finite Elements
A general form of the optimal control problem that applies to

conflict resolution among multiple aircraft is as follows. Note that
such a form accommodates any desired level of dynamic modeling
detail; this is an important issue with respect to trajectory flyability:
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where N is the number of aircraft involved, wd
n , wa

n , and un repre-
sent the differential, algebraic, and control variables of the individual
aircraft in that order, geq are the algebraic equalities, and gineq are
separation constraints between different pairs of aircraft. In general,
the optimal control problem (1) cannot be solved analytically. Nu-
merical approximations are used to convert the infinite-dimensional
problem to a finite-dimensional problem. There are essentially two
approaches to solve such dynamic optimization problems. The se-
quential approach solves the optimal control problem in the space
of controls alone after the state variables are integrated in time. The
inequalities that involve the differential and algebraic variables are
appended to the objective function as a penalty term. In contrast,
the simultaneous method solves the finite-dimensional problem in
the space of differential, algebraic, and control variables. The ap-
proach also leads to a straightforward handling of the inequalities
and bounds involving differential and algebraic variables. Though
the resulting nonlinear program for the simultaneous method has
more constraints and variables, it possesses specific sparsity patterns
depending on the discretization scheme used. The sparse structure
can be exploited to devise efficient decomposition schemes.

We will employ collocation on finite elements to discretize the
optimal control problem (1). The profiles of the variables are ap-
proximated by a family of polynomials on finite elements. The time
interval of interest [t0, t f ] is divided into ne finite elements of length
hi such that

ne∑

i = 1

hi = t f − t0

Furthermore, we may define the time at the end of the intervals as

ti := t0 +
i∑

l = 1

hl , ∀ i = 1, . . . , ne(tne = t f )

We employ a monomial basis representation11 for the differential
and algebraic variables. The time profiles of differential and alge-
braic variables are approximated by the use of, respectively, the
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derivatives and values evaluated at ncol collocation points within
each element whose relative location is the same. The time points
within the elements are defined as

ti,q := ti − 1 + hiρq , ∀ q = 1, . . . , ncol

where ρq ∈ [0, 1] are usually chosen to be the shifted roots of or-
thogonal polynomials of degree ncol. In this work, we use Radau
points for ρq because they allow us to set constraints easily at the
end of each element and stabilize the system when high index con-
straints are present. In addition, the monomial representation leads
to smaller condition numbers and rounding errors.11 A monomial
basis representation11 is used for the differential profiles as
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where ρr is the r th collocation point within each element. The con-
trol and algebraic profiles are approximated within each element i
by the use of the monomial basis representation as
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where wa
n,i,q and un,i,q represent the values of the algebraic and

control variables, respectively, in each element i at collocation point
q and ψq is a Lagrange polynomial of order ncol satisfying

ψq(ρr ) = δq,r

The collocation formulation imposes continuity across the time el-
ements for the differential variables (2) as

wd
n,i (ti ) = wd

n,i + 1(ti ), ∀ i = 1, . . . , ne − 1

whereas the algebraic and control variables are allowed to have
discontinuities at the boundaries of the elements.

We assume that the number of finite elements ne and their lengths
are predetermined. With this assumption, the substitution of the pro-
file approximations and slacks for the inequality constraints yields
the following nonlinear programming problem (NLP):
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We employ a barrier algorithm to solve the NLP. Optimal
solutions for joint maneuvers typically bring aircraft to within
the minimum separation. Different separation constraints are ac-
tive, depending on which pair of aircraft are at the minimum

separation. Given the large number of separation constraints
N (N − 1)(ne)(ncol)/2, an active set algorithm can be expensive
if a good guess for the optimal active set is not readily available.
Barrier algorithms9,10 have been shown to overcome the combinato-
rial bottleneck of current sequential quadratic programming (SQP)
methods of identifying the active inequality constraints. Encourag-
ing results have been obtained on a number of process engineering
problems with a large number of inequality constraints.12

B. NLP Algorithm
The NLP (5) is solved by the use of IPOPT,10 an interior point al-

gorithm. The algorithm follows a barrier approach, where the bounds
on the variables w are replaced by a logarithmic barrier term that is
added to the objective to yield, for problem (Pν),

min
w
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ln
(
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)

subject to c(w) = 0 with a barrier parameter ν > 0. Here, w( j) denotes
the j th component of the vector w. The barrier algorithm attempts
to solve the NLP (5) by solving a sequence of barrier problems
{Pνl } with decreasing barrier parameter, {νl} → 0. For a given bar-
rier parameter ν > 0, the logarithmic term in the objective function
of barrier problem (Pν) serves to push the iterates into the strict in-
terior of the region defined by the bounds. As the barrier parameter
ν is driven to zero, the influence of the logarithmic term is dimin-
ished and, under certain assumptions,13 we are also able to recover
solutions that make a bound active. In essence, the barrier algorithm
approaches the solution to the barrier problem from the interior of
the feasible region.

The interior point approach avoids having to identify the active in-
equalities at the solution and the combinatorial difficulty associated
with it. The algorithm, IPOPT10 solves for the stationary conditions
of problem (Pν). The stationary conditions of (Pν) are

∇wφ(w) + ∇wc(w)λc − ν(W − WL)−1ew + ν(WU − W)−1ew = 0

c(w) = 0 (6)

where W denotes a diagonal matrix with the elements of vector w
on the diagonal, ew = [1 1 . . . 1 1]T is a vector of length nw , and
λc ∈ R

nc is the Lagrange multiplier corresponding to the equality
constraints. The preceding formulation is called primal because it
involves only the variables w and not the multipliers corresponding
to the bounds on w. Instead, we can repose the preceding in primal–
dual form by the introduction of variables λL and λU that converge
to the multipliers for the bound constraints as ν → 0, under certain
assumptions.10,14 The primal–dual formulation is also known to lead
to better conditioned linear systems than the primal formulation.15

The primal–dual formulation is

∇wφ(w) + ∇wc(w)λc − λL + λU = 0, c(w) = 0

(W − WL)λL = νew, (WU − W)λU = νew (7)

where λL and λU ∈ R
nw are Lagrange multipliers corresponding,

respectively, to the lower and upper bounds. The solution to the sta-
tionary conditions (7) is obtained by the application of Newton’s
method to the preceding system of equations. Given an iterate
(w, λc, λ

L , λU ), we obtain a candidate step by solving the following
system of equations:

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where

H(w) := ∇wwφ(w) +
nc∑

i = 1

λ(i)
c ∇wwc(i)(w)

I is the nw × nw identity matrix, and 	L , 	U , are nw × nw di-
agonal matrices with elements of vectors λL ,λU , respectively,
on the diagonal. The algorithm then calculates the next iterate
(w+, λ+

c , λL ,+, λU,+) as follows:

(
w+, λ+

c , λL ,+, λU,+)= (
w, λc, λ

L , λU
)+ α

(	w, 	λc, 	λL , 	λU
)

(9)

where α ∈ (0, 1] is the fraction of the step to be taken. The fraction
of the step is calculated to stay strictly within the bounds on w,λL ,
and λU and also to guarantee sufficient progress toward the solution
of problem (Pν) as measured by the filter line search; this is a novel
mechanism to promote convergence from poor initial points. The
interested reader is referred to the work of Wächter and Biegler14

and Wächter10 for details on the convergence and implementation.
IPOPT has been developed for solving large-scale NLP problems
and has also been interfaced to a modeling language, AMPL.16

III. Aircraft Dynamics:
Three-Degree-of-Freedom Model

In this section, we describe the three-dimensional conflict reso-
lution of multiple aircraft by the use of NLP strategies. The formu-
lation we propose in this section takes into account the point-mass
aircraft dynamics. The model is a practical representation of the
aircraft dynamics. The model is as shown here:

dxn

dt
= Vn cos γn cos χn, xn(t0) = xn,0, xn(t f ) = xn, f (10a)

dyn

dt
= Vn cos γn sin χn, yn(t0) = yn,0, yn(t f ) = yn, f (10b)
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− g sin γn, Vn(t0) = Vn,0 (10d)

dγn
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= g

Vn

(
Ln cos µn

gmn
− cos γn

)
, γn(t0) = γn,0 (10e)

dχn

dt
= Ln sin µn

mn Vn cos γn
, χn(t0) = χn,0 (10f)

|zn(t) − zl(t)| ≥ H ∨ [xn(t) − xl(t)]
2 + [yn(t) − yl(t)]

2 ≥ R2

1 ≤ n < l ≤ N (10g)

Dn(t) = 0.01ρair[Vn(t)]
2 Sn + 0.6[Ln(t)]2

ρair[Vn(t)]2 Sn
(10h)

Vn,min ≤ Vn(t) ≤ Vn,max, |µn(t)| ≤ µn,max, |γn| ≤ γn,max

(10i)

0 ≤ Tn(t) ≤ Tn,max, 0 ≤ Ln(t) ≤ Ln,max (10j)

where n indexes the aircraft, (xn,0, yn,0, zn,0) and (xn, f , yn, f , zn, f )
denote the initial and final positions of aircraft n, respectively, Vn

represents the ground speed of aircraft n, γn is the flight-path angle,
χn is the heading angle, Tn is the engine thrust, Dn is the drag, Ln

is the lift, mn is the aircraft mass, µn is the bank angle, Sn is the
wing area of the aircraft, and g is the acceleration due to gravity.
The average density of air is ρair. Alternatively, the air density seen
by each aircraft could be considered as a function of the altitude of

aircraft zn(t). For the purpose of this paper, we will assume the air
density to be constant.

The objective function considered in this model penalizes the
change in speed in three directions, as well as changes in heading
and flight-path angle. The optimal control problem can then be stated
as

min
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subject to Eqs. (10a–10j), where η penalizes vertical maneuvers
and Kγ,n and Kχ,n are penalties for changes in the flight-path an-
gle and heading angle. The weights νn are employed to prioritize
the aircraft and specify the differences in maneuverability among
the aircraft. The objective function shown here is an extension of the
one proposed by Hu et al.,5 and the states in the preceding model are
aircraft position (xn, yn, zn), ground speed Vn , flight-path angle γn ,
and heading angle χn . The degrees of freedom in the model are thrust
Tn , lift Ln , and the bank angle µn . Formulation (11) is fairly general
and more realistic with detailed dynamics, and it includes constraints
and objectives that cannot be incorporated in earlier approaches.5

Other path constraints and terminal constraints on flight-path angle
and heading angle can be easily handled.

We propose to solve the optimal control problem by converting
it to a finite-dimensional NLP. The problem is recast as an NLP by
discretization it as shown in Sec. II.A. The key challenge in modeling
the problem (11) is the disjunctive equation (10g) representing the
protection zone around each aircraft. The disjunctive equation can be
formulated by the use of continuous variables as described hereafter.
Suppose, for simplicity that the disjunctive equation is given as

g1(t) ≥ 0 ∨ g2(t) ≥ 0 (12)

Equation (12) can be posed with continuous variables, as follows:

λ1(t)g1(t) + λ2(t)g2(t) ≥ 0, λ1(t) + λ2(t) = 1

λ1(t), λ2(t) ≥ 0 (13)

The second equation in formulation (13) is critical to show
equivalence to the disjunction (12). The equation denotes a
normalization constraint for λ1 and λ2. Of course, the right-
hand side could be any positive constant. In its absence,
g1(t̂) < 0, g2(t̂) < 0, λ1(t̂) = λ2(t̂) = 0 for some t̂ will satisfy the
continuous formulation, but violate the disjunction. Nevertheless,
the first equation in formulation (13) is nonconvex and can induce
local minima. Another aspect of the formulation is that there can
be a number of choices for λ1(t) and λ2(t) for a given g1(t) and
g2(t) at any time instant. For example, if at time t = t0, g1(t0) > 0
and g2(t0) < 0, then any choice of [λ1(t0), λ2(t0)] from the set




(λ1, λ2)

∣∣∣∣∣∣

−g2(t0)

g1(t0) − g2(t0)
≤ λ1 ≤ 1

λ2 = 1 − λ1




 (14)

satisfies the separation requirement (13) for the time instant t0. This
nonuniqueness of (λ1, λ2) can induce singularity in the Hessian
of the Lagrangian of the discretized optimal control problem (5),
resulting in poor asymptotic convergence rates. For this purpose,
we append the objective function in the optimal control problem
(11) with quadratic terms involving λ as

∫ t f

t0

[
λ1(t)

2 + λ2(t)
2
]

dt (15)

The additional terms in Eq. (15) help to pin down the solution
from set (14) when the integral and the separation constraints are



590 RAGHUNATHAN ET AL.

discretized as

λ1(t0) =






−g2(t0)

g1(t0) − g2(t0)
, if
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≥ 1

2

1

2
, otherwise (16)

λ2(t0) = 1 − λ1(t0)

for the instance of g1(t0) > 0, and g2(t0) < 0. We can derive similar
results for other realizations of the sign on g1(t0) and g2(t0). With
this formulation, for the separation requirements and the additional
objective terms, we can reformulate the optimal control problem
(11) as follows: minimize

1

2

N∑

n = 1

νn

∫ t f

t0

[(
dxn

dt

)2

+
(

dyn

dt

)2

+ η2

(
dzn

dt

)2

+ K 2
γ,n

(
dγn

dt

)2

+ K 2
χ,n

(
dχn

dt

)2
]

dt

+ 1

2

N − 1∑

n = 1

N∑

l = n + 1

∫ t f

t0

[
λn,l,1(t)

2 + λ2
n,l,2

]
dt (17)

subject to formulation (10a–10f, 10h–10j).

λn,l,1(t)
{

[xn(t) − xl(t)]2 + [yn(t) − yl(t)]2 − R2
}

+ λn,l,2(t)
{

[zn(t) − zl(t)]2 − H 2
}≥ 0

λn,l,1(t) + λn,l,2(t) = 1

λn,l,1(t), λn,l,2(t) ≥ 0






1 ≤ n < l ≤ N

where λn,l,1 and λn,l,2 play the role of λ1 and λ2 for the disjunc-
tive separation constraints for each pair of aircraft (n, l), such that
1 ≤ n < l ≤ N . By the use of the preceding formulation, we can now
discretize the optimal control problem to obtain a finite-dimensional
NLP as described in Sec. II.A.

A. Initializing the NLP
The NLP obtained from discretization of the optimal control prob-

lem (11) has general equality and inequality constraints. The NLP
is solved with IPOPT.10 Section II.B. describes, in brief, the IPOPT
algorithm. The fast convergence of NLP algorithms to a solution
can be guaranteed only from points sufficiently close to the so-
lution. Because of this, all NLP algorithms employ globalization
strategies to promote convergence from points far removed from
the neighborhood of a solution. IPOPT, for instance, employs a fil-
ter to handle poor starting points. A number of researchers show that
these strategies aid convergence and prove theoretical results under
mild regularity assumptions. Despite this, there are a host of other
factors such as ill conditioning and round-off error that greatly affect
performance of the algorithms. Hence, for most real-time applica-
tions, it is imperative that the user provide a good initial guess to
aid fast convergence of the algorithm to the solution. In the context
of time-critical applications such as aircraft conflict resolution, the
importance of good initialization increases manifold. We propose to
utilize the approach by Hu et al.,5 described hereafter, to initialize
the problem.

Hu et al.5 consider conflict resolution of aircraft with dynamics
described by a simple kinematic model. The model is

dx

dt
= vx (t),

dy

dt
= vy(t),

dz

dt
= vz(t) (18)

where x, y, and z represent the position of the aircraft along the
different axes. The velocities of the aircraft in the x, y, and z di-
rections at time t are, respectively, vx (t), vy(t), and vz(t). The ma-
neuvers available for the aircraft to avoid conflict are changes in

these velocities. Hu et al.5 obtain conflict-free trajectories for air-
craft described by the dynamics (18) using geometric techniques.
The optimal conflict-free trajectories are obtained as a result of min-
imization of the following objective:

J (vx , vy, vz) = 1

2

∫ t f

t0

{
[vx (t)]

2 + [vy(t)]
2 + η2[vz(t)]

2
}

dt (19)

where η ≥ 1 is a coefficient introduced to penalize vertical maneu-
vers. The objective function (19) represents the amount of fuel re-
quired for the maneuver and accounts for the difference in vertical
maneuverability of the aircraft. Note that if we neglect the penalties
in changing the flight-path and heading angles, the objective func-
tion in the detailed model (11) reduces to the preceding objective.
The conflict resolution among n aircraft with cylindrical protec-
tion zones can be posed as the following optimal control problem,
minimize

N∑

n = 1

νn Jn(vx,n, vy,n, vz,n)

subject to

dxn

dt
= vx,n(t), xn(t0) = xn,0, xn(t f ) = xn, f

n = 1, . . . , N

dyn

dt
= vy,n(t), yn(t0) = yn,0, yn(t f ) = yn, f

n = 1, . . . , N

dzn

dt
= vz,n(t), zn(t0) = zn,0, zn(t f ) = zn, f

n = 1, . . . , N

[xn(t) − xl(t)]
2 + [yn(t) − yl(t)]

2 ≥ R2 ∨ |zn(t) − zl(t)| ≥ H

1 ≤ n < l ≤ N (20)

Hu et al.5 are able to obtain considerable insight for the
two-aircraft conflict resolution. They prove that solution of
problem (20) is equivalent to finding the shortest path
(xn,0, yn,0, zn,0) → (xn, f , yn, f , zn, f ), in suitably transformed coor-
dinates, in the presence of a static cylindrical obstacle centered at
the origin. Thus, the optimal control problem is now reduced to
finding the shortest curve between two points in three dimensions
that avoids an obstacle. Efficient numerical procedures that involve
simple bound constrained minimization of a convex objective are
proposed to calculate the solutions for different configurations of
(xn,0, yn,0, zn,0) and (xn, f , yn, f , zn, f ). The preceding procedure does
not necessarily yield conflict-free trajectories in the multi-aircraft
scenario. This is due to the potential domino effect, where conflict
resolution between two aircraft might result in new conflicts. For this
case, Hu et al. consider joint piecewise linear maneuvers parameter-
ized by a waypoint for each aircraft. The optimal control problem
then reduces to a finite-dimensional problem of location of the way-
points of each aircraft to minimize the objective function (19). The
problem is convexified by the use of an inner approximation of the
feasible region. Half-planes are generated that approximate the fea-
sible region of the waypoints to resolve the conflict between pairs
of aircraft. The resulting problem is a convex quadratic program for
which well-developed solvers exist. The trajectories obtained in this
manner are guaranteed to be conflict free, but there could be room
for improvement because the feasible region is underestimated.

The solution obtained from the procedure of Hu et al.5 can be
utilized to obtain an initial guess for the NLP resulting from the dis-
cretization of the optimal control problem (11). The solution of Hu
et al. involves only the position and velocities in the three directions.
To obtain an initial guess, we employ the following strategy:
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1) Solve the optimal control problem (20) by the use of the
procedure of Hu et al.5 to obtain the trajectories of each aircraft
(xHu

n , yHu
n , zHu

n ).
2) Fix the trajectories of each aircraft in the three-degree-of-

freedom model (10) to the solution (xHu
n , yHu

n , zHu
n ) obtained from

Hu et al. procedure.
3) Solve the square system of equations (10a–10f) and (10h) to

obtain ground speed, flight-path angle, heading angle, lift, thrust,
and bank angle.

The preceding procedure yields a solution that satisfies the sepa-
ration constraints (10g) as in Ref. (5). By the use of this as the initial
guess, we may now solve the NLP resulting from the discretization
of the optimal control problem (11). We have had success in obtain-
ing an initial guess using the forgoing strategy for all of the scenarios
we have considered. Note that problem (20) does not consider the
effects of gravity or air drag, and it is not always flyable by the
detailed model (10). For example, the bounds on some of the vari-
ables in the model (10i) and (10j) may be violated by the solution of
problem (20). We have observed convergence on the initialization
problem in all our runs, but the solution can violate the bounds. We
may then perform a further refinement of the preceding solution at
the expense of violating the separation constraints to obtain a solu-
tion that is flyable by the detailed model (10a–10f). This will also
entail more computational effort and time. Instead, we modify the
discretized NLP (5) based on the violated bounds. We relax the vio-
lated bounds by adding nonnegative artificial variables and penalize
them in objective function. To explain the procedure, suppose that
the solution of Hu et al. violates the lower bound on elements wi of
vector w for indices i ∈ I lb ⊆ {1, . . . , nw} and the upper bound on
elements wi of vector w for indices i ∈ I ub ⊆ {1, . . . , nw}. We then
reformulate the NLP, as follows: Minimize

f (w) + θ(sL + sU )

subject to

c(w) = 0

wL ,(i) − sL ,(i) ≤ w(i), ∀ i ∈ I lb

w(i) ≤ wU,(i) + sU,(i), ∀ i ∈ I ub

wL ,(i) ≤ w(i), ∀ i ∈ {1, . . . , nw} \ I lb

w(i) ≤ wU,(i), ∀ i ∈ {1, . . . , nw} \ I ub

sL , sU ≥ 0 (21)

where sL ∈ R
|I lb| and sU ∈ R

|I ub| are slacks for the violated con-
straints and θ > 0 is a penalty for the violated constraints. With the
preceding reformulation, the solution of Hu et al. is a feasible initial
guess for a suitable choice of the artificial variables s. Furthermore, if
the conflict cannot be resolved within the constraints of the problem
instance, then the preceding formulation has the ability to terminate
at a solution that satisfies dynamics with a measure of violation of
bounds on the variables such as thrust, flight-path angle, etc. The
preceding reformulation has proved very useful in the acceleration
of convergence from an otherwise infeasible initialization for the
original discretized formulation (5). This experience reiterates the
value of a simplified model in its ability to provide insights to the
original problem.

IV. Results
The section describes the results obtained from the use of our

approach to generate conflict-free maneuvers for aircraft governed
by nonlinear point mass models (10) by the use of scenarios from
Hu et al.5

We now present results from the use of our approach to resolution
of conflict scenarios when aircraft are modeled with detailed dynam-
ics. In all scenarios, the aircraft are assumed to be heading to the
final position along the straight line from their initial positions and z
coordinate of position coordinates is the aircraft altitude in nautical

Table 1 Problem size and CPU time required for cases of different
aircraft (detailed model)

Number of Number of Number of
aircraft variables constraints Iterations CPU time, s

2 1212 1008 15 0.3
4 2850 2289 70 8
8 7304 5619 386 651

miles. The values of the bounds on variables and initial values (10)
for the aircraft are as follows: The mass of the aircraft mn and wing
reference area Sn are taken to be 1.87 × 105 lb and 2.52 × 103 ft2,
respectively. The bounds on the variables are Vn,min = 146 kn,
Vn,max = 467 kn, µn,max = γn,max = 20 deg, Tn,max = 0.2mn lbf, and
Ln,max = 2mn lbf. An important feature of the aircraft model in
Eq. (10) is that the value of 0.6 for the drag coefficient in Eq. (10h)
is much larger than the nominal value, and, hence, the model corre-
sponds to a hypothetical aircraft. The solution framework outlined
in earlier sections, which is the focus of this paper, will continue to
hold regardless of the model. The initial values for the state vari-
ables are obtained from those required for a constant-speed straight
line motion from (xn,0, yn,0, zn,0) to (xn, f , yn, f , zn, f ) in time t f − t0.
The time for resolution of the conflict (t f − t0) is 15 min in the two-
aircraft cases and 20 min in the others. For all problems, we have
used a discretization with 10(= ne) elements and 3(= ncol) collo-
cation points. The solutions to the discretized problems all satisfy
the stationary conditions to a tolerance of 10−6. Hence, the reported
solutions are locally optimal for the given discretization. The prob-
lem size, iteration, and CPU time requirements are in Table 1. The
iteration number and CPU times for given number of aircraft are
the average times required to solve the different scenarios discussed
hereafter. The computations are performed on a 2.26-GHz Intel Pen-
tium 4 processor running LINUX as the operating system.

The number of iterations, as well as the CPU time to obtain a
solution, depends to a certain degree on the initial guess. All of
the scenarios are initialized with the procedure described in the
preceding section. In our experience, the more interesting conflict
scenarios result in the solution from the Hu et al. algorithm, violating
some of the bound constraints, usually the upper bound on thrust. For
example, in the eight-aircraft case, all but two of the aircraft violate
the upper bound on thrust. As a result, we require more iterations
to converge to a solution. To gauge the effect on computing effort
with increasing aircraft, we compare the time per iteration in each
case. The time per iteration increases 5-fold from the 2-aircraft to
the 4-aircraft case and 15-fold for the 8-aircraft case over the 4-
aircraft cases. The computationally intensive part of each iteration
is the factorization involved in the calculation of the search direction
(8). To handle cases with increased time elements or aircraft, we
will require efficient decomposition schemes for the solution of the
resulting large-scale NLP.

In the following subsections, we present results from the use of
our approach on various conflict resolution scenarios. In most of
the conflict resolution scenarios that we considered, the trajectory
of Hu et al. violated the bounds. For scenarios where this did not
occur, the improvement in the objective over that of Hu et al. is
minor, approximately 0.3–0.5%. Nevertheless, the significant fea-
ture of our algorithm is that we can generate flyable trajectories
even when the initial solutions from Hu et al. algorithm do not. We
describe a typical situation that will illustrate the value of our ap-
proach. Consider the resolution of the conflict between two aircraft
with initial and final positions as aircraft 1 (0, 40, 4) → (80, 40, 4)
and aircraft 2 (40, 80, 4) → (40, 0, 4). The protection zone has a ra-
dius R = 5 n mile and height H = 2000 ft. The values for penalties
in the objective are η = 5, Kγ,n = 5, and Kχ,n = 5, and the priority
for each aircraft was 0.9 for the first and 0.1 for the other. In this ex-
ample, and the others to follow, we have employed protection zones
with larger than the prescribed 1000 ft for aircraft flying below al-
titudes of 29,000 ft. The yz projection of the trajectory of aircraft 2
obtained from algorithm of Hu et al. and our algorithm are provided
in Fig. 1. Thrust obtained from each of the solutions and the upper
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Fig. 1a Projection onto yz plane of aircraft maneuvers from our ap-
proach and that of Hu et al. for aircraft 2: η = 5, Kγ,n = Kχ,n = 5, ν1 = 0.9,
and ν2 = 0.1.

Fig. 1b Thrust profile for the solutions from our approach and that of
Hu et al. for aircraft 2: η = 5, Kγ,n = Kχ,n = 5, ν1 = 0.9, and ν2 = 0.1.

bound on thrust (as a line with dashes and dots) are shown as well.
It is clear from Fig. 1 that the solution of Hu et al. violates the bound
on thrust due to the sharp maneuver at the waypoint. The solution
from our approach smooths the turn of the aircraft at the waypoint
and also results in a solution that does not violate the bound. Evi-
dently, the approach we describe helps to obtain a solution that is
not only flyable by the detailed dynamics but also satisfies the bound
constraints.

A. Two-Aircraft Scenarios
The following summarizes the results of conflict resolution

among two aircraft. The initial and final positions of the aircraft
are as follows: aircraft 1 (0, 40, 4) → (80, 40, 4) and aircraft 2
(40, 0, 4) → (40, 80, 4). The values of νn , η, Kγ,n , and Kχ,n are
given along with Fig. 2. The protection zone of aircraft has radius
5 n mile and height 2000 ft. Figure 2 are shown for varying weights
νn . In Fig. 2b, aircraft 1 has greater priority than aircraft 2, and as
a result, the second aircraft plays a greater role in ensuring that air-
craft are conflict free. In both cases, the kinematic solution does not
violate any bounds.

B. Four-Aircraft Scenarios
We consider the conflict resolution for aircraft with the following

initial and final positions: aircraft 1 (0, 100, 4) → (100, 0, 4); air-

Fig. 2a Three-dimensional view of an optimal resolution maneu-
ver for orthogonal two-aircraft encounter: η = 5, Kγ,n = Kχ,n = 5, and
ν1 =ν2 = 0.5.

Fig. 2b Three-dimensional view of an optimal resolution maneuver
for orthogonal two-aircraft encounter: η = 5, Kγ,n = Kχ,n = 5, ν1 = 0.7,
and ν2 = 0.3.

craft 2 (60, 0, 4) → (40, 100, 4); aircraft 3 (90, 90, 4) → (0, 0, 4);
and aircraft 4 (100, 70, 4) → (0, 40, 4). The radius of the protection
zone of aircraft is increased to 10 n mile, and the height is 2000 ft. All
aircraft have equal priority in the cases presented. In the first case,
the vertical maneuver penalty η is 5, whereas it is 25 in the sec-
ond. The kinematic solution violates the thrust bound in both cases.
Aircraft 2–4 violate the thrust bound in the first case, whereas all air-
craft violate thrust bound in the second case. The three-dimensional
and top view plots in Figs. 3a and 4a are the aircraft trajectories
for different values of maneuver penalties. It is clear from Figs. 3a
and 4a that as the vertical penalty is increased, the aircraft avoid
vertical maneuvers (Figs. 3 and 4). As a result, the aircraft remain
conflict free using only horizontal maneuvers, namely, heading an-
gle changes as seen in the projection of the trajectories onto the xy
plane shown in Figs. 3 and 4.

C. Eight-Aircraft Scenario
Finally, we have results from conflict resolution of the eight-

aircraft encounter. The first four aircraft are the same as in the
preceding subsection, and the initial and final positions of the
remaining are aircraft 5, (55, 90, 3.7) → (50, 0, 3.7); aircraft 6,
(5, 10, 3.7) → (50, 100, 3.7); aircraft 7, (0, 55, 3.7) → (90, 45, 4);
and aircraft 8, (10, 55, 3.7) → (100, 45, 4). The radius of protection
zones of aircraft are increased to 10 n mile and the height is 2000 ft.
The kinematic solution violates the thrust bound for all but aircraft
1 and 3. Figure 5 shows the maneuver.
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Fig. 3a Three-dimensional view of an optimal resolution maneuver
for four-aircraft encounter: νn = 1/4, η = 5, Kγ,n = 5, and Kχ,n = 5.

Fig. 3b Top view of an optimal resolution maneuver for four-aircraft
encounter: νn = 1/4, η = 5, Kγ,n = 5, and Kχ,n = 5.

Fig. 4a Three-dimensional view of an optimal resolution maneuver
for four-aircraft encounter: νn = 1/4, η = 25, Kγ,n = 5, and Kχ,n = 5.

D. Discussion
The performance of our approach when detailed dynamics of

the aircraft are considered [model (11)] is very encouraging. The
geometric approach of Hu et al. is not applicable in the context
of detailed models, but we can obtain a reasonably good initial-
ization for our NLP by the use of their solutions. Hu et al. also
consider a more constrained model with bounds on the velocity and
the angle between the two legs of their maneuver. However, lower

Fig. 4b Top view of an optimal resolution maneuver for four-aircraft
encounter: νn = 1/4, η = 25, Kγ,n = 5, and Kχ,n = 5.

Fig. 5a Three-dimensional view of an optimal resolution maneuver
for eight-aircraft encounter: νn = 1/8, η = 15, Kγ,n = 15, and Kχ,n = 5.

Fig. 5b Projection onto xy plane of an optimal resolution maneuver
for eight-aircraft encounter: νn = 1/8, η = 15, Kγ,n = 15, and Kχ,n = 5.

bounds cannot be accommodated on velocity in their conic pro-
gramming approach because these will be nonconvex constraints.
Also, model (18) does not incorporate initial velocities, whereas de-
tailed model (10) does. Quite conceivably, the initial velocities may
differ substantially from the velocity in that leg. Hence, the initial-
ization strategy for model (10) may yield a solution with dramatic
velocity changes in the first few elements. Hu et al. also acknowl-
edge this deficiency and suggest the inclusion of an initial buffer to
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Fig. 5c Projections onto yz plane of an optimal resolution maneuver
for eight-aircraft encounter: νn = 1/8, η = 15, Kγ,n = 15, and Kχ,n = 5.

Fig. 5d Projections onto xz plane of an optimal resolution maneuver
for eight-aircraft encounter: νn = 1/8, η = 15, Kγ,n = 15, and Kχ,n = 5.

accomplish the velocity changes that can render their solution sub-
optimal. Similarly, there might be sharp changes in velocity at the
waypoints with similar effects. Clearly, the solution of the model of
Hu et al., if flyable according to the detailed model, can be used as
an initial guess for the NLP and improved on. Additional testing is
then necessary to assess fully the strengths and weaknesses of our
approach.

V. Conclusions
Three-dimensional coordinated maneuvers for resolution of con-

flicts are presented. The aircraft are described by nonlinear point-
mass models with cylindrical protection zones. We have also in-
cluded trajectory constraints to exclude unrealistic maneuvers. The
optimal maneuvers are obtained as the solution of an optimal con-
trol problem that minimizes a cost function. We have also presented
efficient initialization strategies that allow us to obtain solutions to
the optimal control problem reliably. The computation times for
most of the problems is relatively low. The initialization strategies
require less than 1 min in all cases. We also propose strategies to
handle infeasible initializations and infeasible problem instances.
The computation time for the optimization problem ranged from

about 1 min, for up to four aircraft scenarios, to about 11 min for
the eight aircraft case when the nonlinear point mass model was
used on a 2.26-GHz Intel Pentium 4 processor running LINUX as
the operating system. The time per iteration increases significantly
with the number of aircraft involved. The bulk of the time is spent
in handling the linear algebra. The optimization problem involved
has structure and lends itself to efficient decomposition schemes to
reduce the computation times. The proposed framework can easily
incorporate no-fly zones and can also handle high-fidelity models
in a straightforward manner.
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